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Abstract: The yield function is very important in establishing the plastic constitutive relation and analyzing the plastic de-
formation. Hence, expanded on the general yield function in its Taylor to six-order plastic tensors, this article gives a new 
yield function on isotropic metal. Based on independent properties of the hydrostatic pressure for metal yield, such as der-
ivation character, mechanical property invariance of isotropic metal etc., these plastic tensors are analyzed as traceless, to-
tally symmetric and objective. And the yield function for isotropic metals can be degenerated to the one for identical and 
different property of tension-compression yield. Finally, by means of the results of Lode test, it is proved that the new 
yield function is quite suitable for those metal materials having both the identical and different properties of tension-
compression yield. There are many merits of this yield function, such as it includes only 2 parameters for material, i.e. 
simple form and generality etc. And this yield function will lay a theoretical foundation for analyzing mechanical proper-
ties of metal materials. 
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1. INTRODUCTION 

The yield function is vital and necessary to describe the 
plastic deformation of metal. At present, there are hundreds 
of yield functions of metal, such as functions suggested by 
Hill, Hershey, Balart, Hosford, Man C.-S and Huang et al., 
to precisely describe the mechanical behavior of metals [1-
2]. However, these yield functions are only suitable for ani-
sotropic metals, but not on isotropic ones as the studies on 
their yield are so far very few. Some investigators reported 
that both Tresca and Von-mises yield criterion are usually 
used to establish the plastic constitutive relation and analyze 
the plastic deformation [3-5]. 

Based on the results of simple tension test for mild steel, 
Tresca yield function is shown in Eq. 1. However, this func-
tion is simple, since it doesn’t consider the second principal 
stress. If the principal stresses are unknown, the expression 
of Tresca yield function maybe extremely complicated. Also, 
because of the corner point in the π  plane, the Tresca yield 
function is difficult to be dealt with during solving the equa-
tions [6]. 

max !1 !! 2 ,! 2 !! 3 ,! 3 !!1{ } = 0   (1) 

Considering the second principal stress, Von-mises yield 
function, Eq. (2), is derived from the results of simple tension  
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test and pure shear experiment. However, it is inadaptable 
for both the identical and different properties of tension-
compression yield, it doesn’t consider the hydrostatic pres-
sure of metals having no effect on yield [7]. 

(!1 !! 2 )
2 + (! 2 !! 3)

2 + (! 3 !!1)
2 = 2! 0

2   (2) 

Microscopically metal is an aggregate of numerous tiny 
crystallites. Therefore, we can consider metal as isotropic 
materials in engineering. Because of the hydrostatic pressure 
of metals having no effect on yield and isotropic hypothesis, 
this article derives a new yield function of isotropic metal 
through expanding the traditional yield function by Taylor 
yield function and intercepting the six order. As well, the 
new yield function of isotropic metals can reduce to the one 
of the identical and different properties of tension-
compression yield. Finally, simple uniaxial tension-
compression experiment can be used to determine the pa-
rameters. 

2. ESTABLISHING THE NEW YIELD FUNCTION 

 The yield function, f (! ) , is usually expressed by stress. 
When the metal is in the yield state, we have f (! ) = 0 . Con-
versely, the smooth yield function f (! ) ! 0 , as shown by 
Eq. 3, is expressed in its Taylor expansion at! = 0 .  

   

f (! ) = f (0)+ " f (0)
"! ij

(! ij )+
1
2!

"2 f (0)
"! ij "! kl

! ij! kl +
1
3!

"3 f (0)
"! ij "! kl "! pq

! ij! kl! pq

+ 1
S!

"4 f (0)
"! ij "! kl "! pq "! rs

! ij! kl! pq! rs + o(||! ||) = 0
  (3) 
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Because of f (0) ! 0 , we obtained the yield function by 
truncating the preceding expansion for each S =1,2,3 . Then 
the Eq. (3) can be reduced to Eq. 4. 

!1+Lij! ij +Mijkl! ij! kl +Tijklpq! ij! kl! pq = 0   (4) 

Where, Lij，Mijkl，Tijklpq  are respectively second-
order, four-order, and six-order plastic tensors of isotropic 
metals, as follows:  

Lij =
!1
f (0)

"f (0)
"! ij

 

Mijkl =
!1
2 f (0)

"2 f (0)
"! ij"! kl

Tijklpq =
!1
6 f (0)

"3 f (0)
"! ij"! kl"! pq

  (5) 

2.1. Conditions for the Yield Function of Isotropic Metals 

(1) Total Symmetries 
Because of the reciprocal theorem of shear stress and Eq. 

3, we can obtain Eq. 6 from the invariance principle on the 
exchange order of derivation [8]. 

Lij=L ji   

Mijkl =Mklij =M jikl  

T T T Tijklpq jiklpq klijpq pqklij= = =   (6) 

(2) Traceless 
The shear stress appeared by external force made the at-

oms slip, then the yield of metal is aroused from none recov-
ery for the atoms slip during deformation. And the hydrostat-
ic pressure has no effects on the shear stress [9]. Hence, the 
yield function of metal sheet must be satisfied with the Eq. 7. 

f (! ij !m" ij ) " f (! ij )， !m"R   (7) 

! ij is Kronecker tensor; When !i, j,k,l, p,q"{1,2,3} , 
based on the equality of the corresponding plastic tensor, the 
combination of Eqs. 3 and 6 lead to Eq.8. 

Lii = 0  Mijkk = 0  Tijklpp = 0    (8) 

(3) Objectivity 
The rotation of external force and object has no effect on 

the yield of isotropic metal, that is, when external force and 
object rotate, the yield function for isotropic metals must 
satisfy the objectivity [10]. 

Let R denote the rotation tensor, then the Euler angle will 
be ψ ，θ ，φ , we have [11] 

  

R(! ," ,#) =
cos! cos" cos# $ sin! sin# $ cos! cos" sin# $ sin! cos# sin"
sin! cos" cos# + cos! sin# $ sin! cos" sin# + cos! cos# sin"

$ sin" cos# sin" sin# cos"

%

&
'
'

(

)
*
*
  

SO3 = R(! ," ,#) | 0 !! ! 2$ ,0 !" ! $ ,0 ! # ! 2${ }   (9) 

Assumed that the external force and object rotate by R, 
the stress becomes: 

! ij (R) = RipRjq! pq (I)   (10) 

Where there the stress is (! pq (I) ) before rotating, there 
is stress (! ij (R) ) after rotating. 

Hence, the yield function must be met with Eq. 11. 

f (! (I)) ! f (! (R)) = 0， !R "SO(3)   (11) 

Put Eq. 3 into 11, based on the equality of the corre-
sponding polynomial, the second-order, forth-order, and 
sixth-order plastic tensors respectively are shown by Eq.12. 

Lij (R) = RipRjqL pq (I)   

Mijkl (R) = RipRjqRkrRlsM pqrs (I)   
Tijklpq (R) = RiaRjbRkcRldRpeRqfTabcdef (I)   (12) 

Where, Lij (I )，Mijkl (I )，and Tijklpq (I )， are the plastic 
tensors of referred grains before rotating; Lij (R)，
Mijkl (R)，and 

   
Tijklpq (R)，are the plastic tensors of referred 

grains after rotating. 
(4) Isotropy 
If the materials are isotropic, the yield must satisfy the 

condition that the material properties cannot change after 
rotation by R, in !R "SO(3) , that is, the plastic tensor for 
isotropic materials is shown as follows [12]: 
Lij (R)=Lij (I)  
Mijkl (R)=Mijkl (I)  

Tijklpq (R) = Tijklpq (I)   (13) 

Put Eq. 13 into 12, we can obtain Eq. 14.  

Lij (I) = RipRjqL pq (I)   

Mijkl (I) = RipRjqRkrRlsM pqrs (I)   
Tijklpq (I ) = RiaRjbRkcRldRpeRqfTabcdef (I)   (14) 

The isotropic materials plastic tensors can be obtained 
from the homogenization [13]. 

L(I) = 1
8! 2 SO3

! L(R) dg   

 
M(I) = 1

8! 2 SO3
! M(R) dg  

  

T(I) = 1
8! 2 SO3

! T(R) dg  
  (15) 

Where, SO3 is a group of rotating tensors, and so
   dg = sin!d"d!d# . 

2.2. The General Form of the New Yield Function 

When the plastic tensors meet the conditions of Eqs. 5, 7, 
11 and 13, they maybe become Eq. (16). 
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Lij = 0   

Mijkl = !Bijkl
(1) ! 3!Bijkl

(2)   

Tijklpq = !2!Cijklpq
(1) + 9!Cijklpq

(2) ! 9!Cijklpq
(3)   (16) 

Where, 

Bijkl
(1) = ! ij! kl  

Bijkl
(2) = 1

2
(! ik! jl +! il! jk )  

Cijklpq
(1) = ! ij! kl! pq  

Cijklpq
(2) = 1

3
(! ijBklpq

(2) +! klBijpq
(2) +! pqBijkl

(2) )  

Cijklpq
(3) = 1

4
(! iqBjpkl

(2) +! jqBipkl
(2) +! ipBjqkl

(2) +! jpBiqkl
(2) )  

 Combine Eq. 16 with 3, the new yield function on iso-
tropic metal is shown as follows: 

f1(! ) = M [(!11 !! 22 )
2 + (! 22 !! 33)

2 + (! 33 !!11)
2

+6(!12
2 +! 23

2 +! 31
2 )]+ P[(2!11 !! 22 !! 33)

(2! 22 !!11 !! 33)(2! 33 !!11 !! 22 ) + 54!12!13! 23 +

9!12
2 (!11 +! 22 ! 2! 33) + 9!13

2 (!11 +! 22 ! 2! 22 ) +

9! 23
2 (! 22 +! 33 ! 2!11)]!1= 0

  (17) 

If we take M = !!， P = !!，where !  and !  are 
material parameters, measured by experiment. 

From Eq.17, the stresses of a quadratic and a cubic term 
are included in this new function, and it has only 2 material 
parameters, i.e. !  and ! , which can be measured by some 
experiments. 

So the form of the new yield function is not only simple 
but also has much higher theory and application value in engi-
neering.  

3. DISCUSSION ABOUT THE DEGRADATION FORM 
OF YIELD FUNCTION 

 Instead of the principle stress, the new yield function of 
isotropic metal materials is the Eq. 18.  

f2 (! ) = M [(!1 !! 2 )
2 + (! 2 !! 3)

2 + (! 3 !!1)
2 ]+ P

(2!1 !! 2 !! 3)(2! 2 !!1 !! 3)(2! 3 !!1 !! 2 ) !1= 0
  (18) 

 For metal materials of the identical property on tension-
compression yield, the yield strength of tension is! s , and 
the one of compression is! c =! s . On the contrary, for metal 
materials of different property for tension-compression yield, 
the yield strengths of tension-compression are respectively
! c and ! s . So the principal stress states for uniaxial tensile 
and uniaxial compression tests are shown in (Table 1). 

According to the kinds of state of the principle stress, for 
metal materials having both identical and different properties 

of tension-compression yield, the Eq. 18 respectively turns 
into Eq. 19 and 20. 

2M! S
2 + 2P! S

3 !1= 0  

2M! S
2 ! 2P! S

3 !1= 0   (19) 

2M! S
2 + 2P! S

3 !1= 0  

2M! c
2 ! 2P! c

3 !1= 0   (20) 
By solving Eq. 19 and 20, we can obtain M and P for 

identical and different properties of tension-compression 
yield respectively, as follows in Eq. 21 and 22. 

M = 1
2! s

2  P = 0   (20) 

M = !
! s !! c

2! s
2! c

2  P =
! s
2 +! c

2 !! s! c

2! s
2! c

2   (21) 

In a word, firstly, the tension and compression yield 
strengths, i.e. ! S  and !C , are measured by uniaxial tensile 
and uniaxial compression tests; secondly, from Eqs. 20 and 
21, the material parameters, M and P, are determined by ! S  
and !C respectively; finally, we can get the new yield func-
tion included One to Six-order Plastic Tensors by Eq. 18. 
Therefore, the 2 material parameters from the new yield 
function can also be identified only by uniaxial tensile and 
uniaxial compression tests. 

4. EXPERIMENTAL VERIFICATION 

In 1926, W. Lode proposed the Lode parameters, that is 
µ! , !  and! , by yield test in which the axial force and in-
ternal pressure was applied to the thin-wall cylinder made of 
mild steel [14, 15]. And the formulas of µ! ,!  and !  are 
given by Eq. 22. 

µ! =
2! 2 !!1 !! 3

!1 !! 3

 

!=
!1 !! 3

! s   

! =
" s
# s   (22) 

Based on the results of W. Lode experiments, the relation 
between !  and µ!  has been analyzed by the yield criteria 
of Teresa, Von-mises and the new yield criterion of isotropic 
metals proposed in this thesis. And the results are shown in 
Fig. (1). 

From Fig. (1), according to Tresca yield function, κ  
must be equal to 0.5, that is ς  is equal to 1; meanwhile, as 
for Von-mises yield function, !  must be equal to  

3
3

, that is ς  is equal to
2

3+ µ!
2

. 
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Table 1.  The stress state of metals having both identical and different properties of tension-compression yield uniaxial tension and 
uniaxial compression tests. 

Stress 
state 

identical property for tension-compression yield different property for tension-compression yield 

uniaxial tension uniaxial compression uniaxial tension uniaxial compression 

! c  ! s  0 ! s  0 

!1  0 0 0 0 

! 3  0 -! s  0 - cσ  

 

 
Fig. (1). The relation between ς and σµ  on kinds of yield function. 
 

However, different materials have different value for ! . 
Because Tresca and Von-mises yield functions demand that 
κ  should be the determined value in practical engineering, 
the two yield function cannot be applied to the engineering. 
But when taking κ  to be a different value, the new yield 
function considering the six-order plastic tensors of the iso-
tropic metals overcomes the shortcomings. Put Lode parame-
ters into the new yield function, ς  gives Eq. 23. 

!=
"1 !" 3

" s

= 2 3#
3+ µ"

2
  (23)  

According to Eq. 23, when  

! = 3
3

,  

the new yield function can be degenerated to Von-mises 
yield function. 

 The Fig. (1) shows that this new yield function is quite 
suitable for those metal materials, which had both identical 
and different properties of tension-compression yield. And 
there are only 2 material parameters, determined by uniaxial 
tensile and compression tests. It is both simple and more 
accurate than Tresca and Von-mises yield functions on de-
scribing the plastic deformity. 

 

CONCLUSION 

Based on the stress relation, the general form of a new 
yield function included the various degree terms for one 
from three on the isotropic metals and corresponding six-
order plastic tensor was deduced in this thesis; 

A new yield function of the isotropic metals is derived 
from the isotropic plastic tensor based on the total symme-
tries, traceless, objectivity and isotropy. And there are many 
advantages, such as simple form and higher value in engi-
neering; 

The new yield function of isotropic metal transformed in-
to Eq. 17, included the principle stress. And according to the 
metal materials, which have both the identical and different 
properties of tension-compression yield, the 2 material pa-
rameters are determined by uniaxial tensile and compression 
tests; 

According to the results of Lode experiments, !  and µ!  
are calculated by the new yield function, and Tresca and 
Von- Mises yield functions. This new yield function has ad-
vantages of its simple form and is more suitable for describ-
ing both the yield and the plastic deformation of isotropic 
metals. 
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